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DERIVATION AND DISPERSION ANALYSIS OF
COMPACT SCHEMES APPLIED IN DIFFERENTIAL
EQUATIONS WITH THIRD DERIVATIVE
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ABSTRACT. Simulations and approximations of higher-order derivatives are
essential to describe many complex phenomena in engineering and physics.
To ensure stability and accuracy, compact numerical approximations are
employed to solve many differential equations with problems involving dis-
persive waves. This work introduces a new class of implicit compact finite
difference schemes that systematically generate fourth-, sixth-, and eighth-
order accurate approximations for the third derivative. To detect many
types of schemes with different orders of accuracy, the process of solving
several systems of equations is required. The desired accuracy for each
scheme is verified by employing special polynomials in the schemes and
obtaining errors as the remaining terms for these polynomials. In addi-
tion to gaining the accuracy and stability of introduced schemes, achieving
high resolutions makes them popular candidates when dealing with hyper-
bolic problems. From Fourier analysis, dispersive errors for the derived
schemes are examined. These errors clearly illustrate the ability of high
order compact schemes in capturing high resolutions. Finally, schemes pro-
posed from this work are applicable to many computational problems and
can be expanded to solve some types of multi-dimensional problems.
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1. Introduction

Recently, when differential equations do not have analytical solutions, the use
of numerical differentiation has become an indispensable technique in scientific
computing and computational mathematics. In many scientific and engineering
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disciplines, using differential equations to formulate mathematical models be-
comes essential for analysis and simulation [6]. In all approaches to establish
numerical methods, studying the convergence and stability for these methods is
necessary to detect their ability and accuracy, even the Iteration methods; see
[10, 11] . There are many methods of constructing numerical differentiation by
applying function values at a set of discrete points, and these methods are called
finite difference methods because of using the finite differences between function
values instead of the infinitesimal differences in the definition of the derivative.
The main idea for deriving finite difference approximations relies on the Taylor
series expansion of the function by approximating the values of its derivatives
at a nearby point while the value of a function at a point is based on its value.
New versions of finite difference methods have been modified and employed to
solve my equation models, such as the Burgers equation [5], the vorticity trans-
port equation [12, 14] and the helmholtz equation [20, 22] . In addition, many
implicit Runge-Kutta methods are established and improved, especially multi
step methods [8, 9, 15] . In general, when using a very small time step size
in the simulation, the computational cost might be increased. To overcome
these challenges, different types of implicit schemes have been established, such
as compact schemes, which maintain more precision and stability compared to
explicit schemes [1, 16, 17]. Various classes of compact schemes are derived ac-
cording to the needs of study problems and applications such as capturing shock
areas [1], avoiding negative dissipation [16] , employing Fourier analysis [4, 7, 21]
and maintaining high resolutions [13] . In addition to the compact schemes of
the first derivative [3], the methodology of the second derivative is also discussed
[2]. Among other orders of derivatives, the third derivative is of particular sig-
nificance in describing some physical phenomena, like the Korteweg-de Vries
equation. Hence, the numerical approximation of the third derivative is essen-
tial to capture the behavior of many systems and to estimate the true derivative
for these systems and their applications. Indeed, electing the appropriate scheme
for approximating the third derivative impacts the stability of the solution for
equations like the dispersive wave equation. To ensure stability for higher-order
PDEs involving third derivatives, strict time step restrictions might be adhered
when employing explicit finite difference schemes [18] .

In this work, a general class of third derivative is introduced, and the construc-
tion processes of several numerical approximations are indicated in section 2.
From matching both sides of the proposed schemes, the order of accuracy for
these schemes is verified in section 3. Section 4 contains the procedures for
analyzing the derived schemes by calculating modified wavenumbers, and the
dispersion errors are examined and compared with the exact wave number.

2. The Derivation Of The Third Derivative Schemes

High order numerical schemes for the third derivative are derived in this
section. The points of the grid zq,z1,...,zN along with the step size h = zp —
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x,—1 are considered so that 1 <k < N. g}’ represents the approximation of the
third derivative of g(x) in x such that gx = g (zx),9'x = ¢ (zx), 9"k = 9" (z1),
and ¢y = ¢"” (z1). In general, the third derivative compact finite difference
schemes can be written as:

gk g+ b—gqr19K g41 + -

"

+b0_1g5 1 +bogr +bigihy + o+ 0o 198k o1 T Opdp

1
= 73 [Cfiglcfi +Cit10k—it1 T+ C_10k—1 + COgk + C1Gk+1 + - - -

(1)

+ Cic1Gkti-1 + Cifrti]
The polynomial of order N

N N
Fy(x) = Zdrxr and F"' y(x) = Zr(r —1)(r — 2)dya" 3 @)
r=0 r=3
can be applied to find the coefficients b_q, b_g41,- -+ ,bp—1,bp, c—i, c_iy1,-- -, and

¢;. In this paper, the numerical approximations of the third derivative can be
constructed by applying the polynomial (2), in (1) as follows:

N N
b,qu(r—l)(r—Q)d x};*q—i—b q“Z (r=1)(r —2)dyz;,~ q+1+
r=3 r=3
N N
b Y r(r = 1)(r—2)dpay P4 by Y r(r = 1) (r = 2)dpa) S
r=3 =

N
-l—prr(r— 1)(r - 2)d,; .5

hlg<c Zd ()" +cﬂ+1zd (Th—it1)" +COZd (zr)"

r=0 r=0

N N
+ci—1 Z dr (Tpgio1) + ¢ Z dy (zk—b—i)T)
r=0 r=0

Since both z and h are arbitrary, the above equation can be simplified as follows.

N N
bog Y r(r=1)(r=2)de(—q)"* +bgp1 Y r(r = 1)(r—2)dp(—g+1)" 7 + -
r=3 N r=3 N
+6bods + -+ by Z r(r=1)(r = 2)dp(p— 1)+ b, > _r(r—1)(r — 2)d,(p)" >
= r=3

= (c Zd (—1i) +c,z+1Zd -+ codp + - -
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N N
iy de(i—1)" +ciZdT(i)T> (3)
r=0 r=0

The numerical scheme of order NNV satisfies all polynomials of degree N —1, so the
equations below should be satisfied for the schemes in this work when N = 0,1,
and 2:

C_2+C_1+C0+C1+C2:0
2c_o+c_q1—c1 —2c2=0
4c_94+c_14+c1+4cy =0

When N > 3:
N

S or(r =1 =2)dp[bg(=9)" P +bgra(—g+ 1) P4 by (p— 1)
r=3

by(p) ] + 6bods

+

N
= dpfemi(=i)" +cmipa(—i+ 1)+t eina(i — 1)+ ai(i)] + codo
r=3

(4)
The degree of the polynomial Fy(z) will decide the order of accuracy of the
desired approximation by solving (4). This leads to the following.

N
—6 bods = Y dp{r(r — 1)(r — 2) [b_g(—q)" > + b_gi1(—g+ )"+ -
r=3

5
+b,—1(p— 1)T_3 + bp(p)r_?’] - [c,i(—i)r +ejp(—i 1)+ (5)

+eia(i—1)" +a(i) ]}

2.1. When q=0, p=0, i=2. :
In this case, the standard numerical scheme for the third derivative of order 4
can be constructed as follows:

1
bogy’ = w3 [c—2gk—2 + C_19k—1 + Cogk + C1Gk+1 T C2Gk+2]

From (5), the leading equation is as follows:
N
—6 bods = > _dy [c_2(=2)" + c_1(=1)" + 1 + 2(2)"]
r=3

When N = 3 and N = 4, the above equation gives:
—6 bg = —8c_9g —c_1 +¢1 + 8¢
0=16c_9 +c_1 4+ ¢c1 + 16¢9
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The system of this case can be written as follows:
bo

0 1 1 11 1 0

0 -2 -1.0 1 2 €=2 0

0 4 1 0 1 4 R I

6 -8 -1 0 1 8 o 0

0 16 1 0 1 16 ‘1 0
Co

Solving this system provides the values of the coefficients as follows.
bo=1,c.9=-0.5,c.1=1,¢g=0,c; = —1, and co = 0.5

2.2. When q=0, p=1, i=2 OR q=1, p=0, i=2. :

Compact numerical schemes for the third derivative of order 6 can be derived
for these cases as follows:

2.2.1. When q=0, p=1, i=2. :

The scheme is: bogy’+b1g) 1 = 75 [c—20k—2 + C—19k—1 + Cogk + C1Gk+1 + C2Git2]
Equation (5) becomes:

6 bods = Y dy {r(r — 1)(r = 2)by — [e_a(=2)" + c_1(=1)" + 1 + e2(2)]}
When N = 3,4,5, and 6 the system and its solution can be presented as follows:

o o0 1 1 11 1 bo 0
0 0 -2 -10 1 2 by 0
0 0 4 1 01 4 s 0
-6 -6 -8 -1 0 1 8 cop | =10
0 -24 16 1 0 1 16 co 0
0 —60 -32 -1 0 1 32 e 0
0 -120 64 1 0 1 64 e | 0]

bo = ].,bl = ].,C,Q :0,071 :—2700:6761 = —6, and C2 =2

2.2.2. When g=1, p=0, i=2. :

The scheme can be written as:

b_1g/" 1 + bogy = 75 [c—2gk—2 + C—1gk—1 + CoGk + C10k+1 + C2Gk+2]

Also, eq(5) turns into:

—6 bodg

= Slgdy {r(r = 1)(r = 2)b-1 (=1)7 7% = [e_a(=2)" + c1(=1)" +e1 + e2(2)"]}
Similarly, when N = 3,4,5, and 6 , the system and its results are given as

[0 0 1 1 11 17[ba] [O]
0 0 -2 -10 1 2 bo 0
0 0 4 1 01 4 c 0
6 6 -8 -1 0 1 8 e | =10
24 0 16 1 0 1 16 co 0
60 0 -32 -1 0 1 32 ¢ 0

120 0 64 1 0 1 64| e | O]
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b_1 = l,bo = 1,6_2 = —2,0_1 = 6,00 = —6,61 = 2, and Co = 0

It should be noted that similar schemes are founded for most cases. The cases
(g=1p=1i=2),(¢g=1p=11=2),(¢=0,p=2,i=2),(¢g=1p=2,i=
2) and (¢ = 2,p = 1,7 = 2) give the same scheme as in 2.2.1, while the case
(¢ =2,p = 0,7 =2) implies the scheme of 2.2.2.

2.3. When q=2, p=2, i=2. :
A numerical approximation for the third derivative of order 8 is given from this

case as follows:
" "

b_2gi’ 5 + b1 1 +bog +bigiys + +b2gi’o

1
= 3 [c—2gk—2 + C—1gk—1 + Cogk + C19k+1 + C2grt2]

From (5), this case can be represented as follows:

N
~6 bods = Y dy {r(r = 1)(r = 2) [boo(=2)" " + b1 (=1)"* + by + b2(2)°]}
r=3

N
T T T
— E dr {—[c—2(=2)"+c_1(—1)"+ 1 +c2(2)"]}
r=3
When N = 3,4,5,6,7, and 8. the system and its solution are as follows:

- by A
0 0 0 0 0 1 11 1 1 b 0
0 0 0 0 0 -2 -1 0 1 2 b*1 0
0 0 0 0 0 4 1 0 1 4 b" 0
-6 -6 —6 —6 —6 -8 -1 0 1 8 bl 0
48 24 0 —24 —48 16 1 0 1 16 . 2 =|0
—240 —60 0  —60 —240 —-32 -1 0 1 32 C*"‘ 0
960 120 0 —120 —960 64 1 0 1 64 {1 0
—3360 —210 0 —210 —3360 —128 —1 O 1 128 CO 0
16128 —504 0 —504 —16128 —512 —1 0 1 512 Cl 0

2 d

boo =1/126,b_1 = 4/9,by = 1,by = 4/9,by = 1/126,c_o = —20/21,c_1 = 40/21, ¢co = 0,
c¢1 = —40/21, and c3 = 20/21

3. Confirming The Accuracy For The Numerical Approximations

In addition to many important features of numerical methods, verifying their
orders is an essential step to ensure more accurate results. In this paper, poly-
nomials of the desired order F,.(x) = d,a" are used in all schemes to compute
the remaining terms. The scheme of 2.2.1 can be given as

1
gy + gy = 73 [—2gk—1 + 69k — 6gk+1 + 2gk12] (6)

Employing Fs(z) = dgz® and F}’(z) = 120dgz® in the above scheme with arbi-
trary valves of x; and h leads to equal terms on both sides of 6 as follows:
The LHS of (6) is:

gl +gly = (120dea?)+(120dga? ) = (120d6x2)+(120d6 (zx + h)?’) = 120dgh?
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while the RHS of (6) is:

1
5 [=29k-1 + 6% — 6gk+1 + 29k +2]

h
= [—2dgzf_, + 6dexfy, — 6dsxl ) + 2dsf ]
1 B
=3 [ —2dg (h® — 6h°xy, + 15h*a}, — 20n°2® + 15h%x), — 6ha) + 2 + 6deaf

— 6dg (h°® + 6h°xy + 15h*x} + 20h°z} + 15h%a), + 6ha), + 27)

+ 2dg (64h° + 192853y, + 240h* 2} + 160h°z} + 60h>x), + 12haj, + 2f) |
1

= [h® (—2dg — 6dg + 128ds) | = 120dgh®

However, applying Fr(z) and F7’(z) in (7) generates error terms as follows.
The LHS of (7) is:
g+ gl = (210d7a}) + (210d7z} ) = 210d7a} + 210dy (zy, + h)* = 210h*d,
while the RHS of (7) is:

b [~2dr o = 1) + 6] — 6z (or+ 1)+ 207 G+ 20)']

1 1
= 73 [72d7(=h)" = 6dz(h)" + 2d7(2h)"] = 55 [Wd7(2 = 6 + 256) = 252h"d;
To obtain and illustrate the behavior of the error terms, the polynomials Fjq(x)
and F"q1(z) are substituted for the introduced schemes. For the scheme in 2.1,
the following equation ensures that the scheme has order 4 because d; disap-
peared for all 7 < 4, and all remaining terms are multiplied by h® as follows:

1[ 1 1
E. [0 (W)] =g - 7 | g9k-2 + gk—1 — Gr+1 + 39k+2
1
= =5 [-6h” (5ds + 21d7 + 85dy + 341d11)]

For the schemes in 2.2.1 and 2.2.2, the equations below verify that they are of
order 6 because d7 is the lowest appearing term from the error terms, which are
multiplied by A7 :

1
1
= 5 [OR7 (Tdy + 28ds + 86dg + 220d1 + 517d11)]
1
[0 (hT)] = g1 + 9 — 5 [29x—2 + 6gk—1 — 6gi + 20k 11]

h3
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Finally, since the error terms for the scheme in 2.3 start with dg times h?,
the scheme is of order 8 as follows:

1 4 4 1
E, [O (hg)] = %gglz + 59%’4 + g + 592’;1 + ﬁgﬁz
i 0 4020
73 o1 Jke=2 T 57 9k=1 7 57 9k+1 T 57 k42
1 (80
= — | =h%(—dy + 88d
e { - (—do + 11)]

4. Dispersion Analysis for The Numerical Approximations

Fourier analysis can be used as an excellent tool to determine the resolution
of numerical schemes by measuring the dispersion and dissipation terms [19].
The dispersion for the proposed numerical approximations is investigated to see
how well the introduced schemes can capture the wave propagation of different
frequencies because the accurate numerical scheme should reproduce the wave
propagation properties of the original differential equation. Dispersion errors are
efficiently computed using the Fourier analysis with a wave number w for the
suggested schemes.

A semi-discrete conservative for the first derivative for a function g can be
used when a conservative spatial derivative approximation is employed as follows:

duj — — (gj+% 7%’—%) (7)
dt h

where g is the numerical flux, so g; can be expressed as

Jore b ae)de

g
9 =g (u(ay ) = —

(8)

where h is the mish size in the x-direction, and H is the primitive function of §
defined as

So

Therefore,
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From Fourier analysis, the function g can be written as follows:

N
2
. 2mika
glx) = > gre
k=

with the scaled wave number w = % and s = 7, it follows:

o) = g(sh) = 3 gue™ (10)
k=N

The first derivative of (10) with respect to s can be determined as:

h*g" (sh) = Z —iw3grets (11)

Substituting (10) and (11) into (6) results in:

N N

2 2
Re S g (w® +iwte™) = > g (<267 46 — 6™ + 2>)
k=—4& k=—4
Solving for w using Euler’s formula, e® = Cos[w] + i Sin[w], gives that:
w = (2 Sin[k] — Sin[2k])/3
With the same procedures as above, the wave numbers for schemes are given in
sects. 2.2 and 2.3 are derived. For schemes in section 2.2:

(2173 (et sin[4)") "
(1+eik)'/?

w=4

For scheme in 2.3:

(—30)/3(—((—1 + Cos[k]) Sin[k]))"/?
(63 + 56 Cos[k] + Cos[2k])1/3

The real parts of the modified wavenumbers, which represent the dispersions of
the schemes, are compared with the exact wavenumber as shown in Fig.1 below.

The above figure clearly illustrates that the compact schemes (in sections 2.2
and 2.3) have a better ability to capture the third derivative for larger wavenum-
bers compared to the standard finite difference scheme in section 2.1. Also, the
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Exact

..... = scheme in 2.1
..... scheme in 2.2.1
+=+=:= schemein 2.2.2
scheme in 2.3

FIGURE 1. The dispersion terms of the introduced schemes

scheme in section 2.3 is the best among others because it is the closest to the
exact wave number with less errors.

5. Conclusions

To approximate the third derivative, many high order schemes are constructed
in this work by dealing with a class of linear systems. As a result of solving these
systems, it leads to several kinds of numerical approximation with different or-
ders of accuracy. To maintain stability and accuracy, two types of errors in this
project are calculated using different approaches. First, error terms are com-
puted by applying appropriate kinds of polynomials and matching both sides of
the introduced schemes to obtain their exact orders of accuracy. Second, disper-
sive errors for the suggested schemes are checked by Fourier analysis to assure
high resolutions ability of these schemes when applied to CFD problems with
high frequency. From both error collection methods, fewer errors are generated
by the presented schemes compared to standard finite difference methods. More
schemes in desired orders can be derived from this work by considering more
cases in which more points can be added to the construction equation.
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